Inverse Design of Discrete Interlocking Materials with Desired

Mechanical Behavior
Supplementary Material

PENGBIN TANG, ETH Ziirich, Switzerland

BERNHARD THOMASZEWSKI, ETH Ziirich, Switzerland

STELIAN COROS, ETH Ziirich, Switzerland
BERND BICKEL, ETH Ziirich, Switzerland

ACM Reference Format:

Pengbin Tang, Bernhard Thomaszewski, Stelian Coros, and Bernd Bickel.
2025. Inverse Design of Discrete Interlocking Materials with Desired Mechan-
ical Behavior Supplementary Material. In Special Interest Group on Computer
Graphics and Interactive Techniques Conference Conference Papers (SIGGRAPH
Conference Papers °25), August 10—14, 2025, Vancouver, BC, Canada. ACM,
New York, NY, USA, 2 pages. https://doi.org/10.1145/3721238.3730675

1 DERIVATIVES FOR COMPUTING STATIC
EQUILIBIRUM

We solve the static equilibrium state by minimizing the energy of
the system,

mqinE =Ee(q) +Ec(q), (1)

where Ec = j1 Yk e Sk bk is the total contact potential summed over
all contact pairs in the contact set C with an adaptive barrier stiff-
ness p, an smooth factor s and a log barrier term by. E, denotes
the potential via external forces. Solving this minimization problem
requires the energy gradient dE/dq and the hessian d?E/dq?. Com-
puting the gradient and hessian for the external potential energy
is always easy. For simplicity, we express the k-th contact energy
as Egy = s - b, where s and b are the corresponding k-th smooth
factor and log barrier term. Therefore, the gradient of the contact
potential is

dEck  dbdd  dsdv

dq ~‘dddq avdq @
with v = (d, )L)T, and the hessian of the contact potential is
dzEc,k _(dbadd T ds dv . dd T d%b dd . db d%d
d \dddq) \avdq) " ’\dq dd?dq " dd dg?
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Derivatives of Distance. For the gradient and hessian of distance
with respect to configuration q, we have

d_ode o
dq dcdq aq’ A
ad d’c  &%d dc 82_d @

d*d _dcT (9°d dc i
d@®?  dq \ac?dq dcaq
where the derivatives dc/dq and d%c/dq? are unknown. We lever-
age the state with the minimum distance,
dd
— =0, 5
I ®)
as an implicit map between parametric coordinate ¢ and rigid body
configuration q. Any change in configuration q should lead to a
corresponding change in coordinate c¢ such that we are again at the
minimum distance state. Therefore, taking the first-order sensitivity
analysis of Equation (5) yields
9%d dc . ’d
a2 dq  dcaq
from which we can obtain dc/dq, the so-called sensitivity matrix,
by solving the linear system.

Similarly, taking the sensitivity analysis for the Equation (6), we
can compute the second-order sensitivity matrix dc/dq? by solving
the following linear system,

de (Pdde  °d\ o*dd’c d de &d

— ==+ ==+ —+

dq\ac3 dq actq) ac?dq® acogac dq

Derivatives of eigenvalue. For the gradient and hessian of the
smallest eigenvalue, we assume there is a unique smallest eigen-
value A with its corresponding eigenvector e from the hessian matrix

f——t——+ ,
dcdq?  dqocdq  aq?

O

=0. (7
dcaq? @)

2
H= ‘é% Therefore, its gradient and hessian with respect to config-
uration q are, respectively,
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with the corresponding items as
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de e(k)e(l)
dHy _/1 A=A
¥

(13)

d’H _deTd'dde PddPc  'd de  9'd

— = T —+——+ —+ . (14)

dq® dq d*cdq  dc® dq®  dc2dqocdq  ac2aq?
where ® is the Kronecker product operator, e(;) and e(;) are the
k-th and I-th value in eigenvector e, respectively, and e; is the
eigenvector associated with eigenvalue 4;.

2 DERIVATIVES FOR INVERSE DESIGN

Evaluating the design objectives in Section 3.3 of the main document
refers to solving static equilibrium states y for given design param-
eters p, where y = [q, £] for the planar case and y = [q, ] for the
bending case. According to the periodic boundary conditions and
the paraboloid bending condition, we determine an intermediate
state of rigid bodies as qg = Cp(y) for computing contacts.

We compute the map between parameters p and configuration y
again by leveraging the sensitivity analysis of the static equilibrium

state,
fo_ dE dEe 3 dE; -0, (15)
dy dy dy

which yields
df _ofdy of
T+ o, (16)
dp ~aydp
where g = a(?]f aaqf can be easily computed. Since only the contact
force £ is a function of design parameters p, we have glf’ ?92 =
T
— % a‘: BE§p . In the following derivations, for simplicity, we rewrite
the symbol qp as q. Therefore, we have
PEcy odT d2b ad db 9 L (dbad T (ds av
=3 _— —_
aqap aq dd? ap T ap dd oq dv op
17)
adeZsav ds 2 . ds ov\" (db ad
dq dv2 adp T ap dvoq) \ddap

Derivatives of distance. The gradient of distance with respect to
the design parameters p is given by

od oaddc ad
— =t (18)
dp ocdp Ip
where 4 d can be computed by solving
’ddc  9*d
——+ = (19)
acz dp  dcop
4
The item _p in Equation (17) is given as
dd d

Y4 _de” (Pdde  Pd) od 93 *d de  &d

— +——+——+—. (20)

op dq \ocz dp acap| " ac ap  aqocdp = dqap

de
a’;q requires solving the linear system from the
second-order sensitivity analysis of Equation (6),

where computing

dcT(d3ddc a3d) azda d de dd 21

dq \d dp " actap| a2 ap ' acaqoc dp  acaqap

SIGGRAPH Conference Papers ’25, August 10-14, 2025, Vancouver, BC, Canada.

Derivatives of eigenvalue. The gradient of smallest eigenvalue A
with respect to design parameters p is
dA _ dA oH ﬂ ﬁ@+ »d
dp T dH op  oH \ac3 dp dc2ap

(22)

odd
The item aqu is given as
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